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The asymptotic rates of convergence f o r  approximate s o l u t i o n s  of 

l i n e a r i z a t i o n s  of t h e  s t a t i o n a r y  Navier-Stokes equat ions are computa- 

t i o n a l l y  determined f o r  some s p e c i f i c  choices  of conforming f i n i t e  ele- 

ment spaces.  These rates a r e  computed f o r  norms of p h y s i c a l  i n t e r e s t  

and are  compared t o  a v a i l a b l e  t h e o r e t i c a l  estimates. It i s  shown t h a t  

e q u i v a l e n t  ra tes  of convergence are achieved by a log r i thms  which d i f f e r  

g r e a t l y  i n  t h e i r  computer s t o r a g e  and time requirements.  The s o l u t i o n  

of t h e  d i s c r e t e  system of equa t ions  r e s u l t i n g  from t h e  f i n i t e  element 

d i s c r e t i z a t i o n  i s  a l s o  discussed.  
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1. In t roduc t ion  

W e  cons ider  t h e  approximate s o l u t i o n  of l i n e a r i z a t i o n s  of t h e  

Navier-Stokes equat ions  of v i scous  incompressible  flow. I n  p a r t i c u l a r  we 

are concerned wi th  conforming mixed f i n i t e  element methods. W e  make no 

a t t e m p t  here  t o  so lve  t h e  f u l l  nonl inear  Navier-Stokes equat ions ,  bu t  

c e r t a i n l y  t h e  r e s u l t s  and algori thms d iscussed  below have cons iderable  

re levance  t o  t h a t  case. For  i n s t ance ,  many i t e r a t i v e  a lgor i thms f o r  t h e  

approximate s o l u t i o n  of t h e  nonl inear  Navier-Stokes equat ions  r e q u i r e ,  f o r  

each i t e r a t i o n ,  t h e  approximate so lu t ion  of a l i n e a r  problem of t h e  type 

w e  cons ider  here .  

Our f i r s t  goa l  i s  t o  examine t h e  r a t e s  of convergence of some p a r t i c -  

u l a r  f i n i t e  element approximations.  These rates w i l l  be determined f o r  

norms of phys i ca l  i n t e r e s t .  These a r e  t h e  L -norms f o r  t h e  p re s su re  and 

t h e  z2 and H -norms f o r  t h e  v e l o c i t y  f i e l d .  The l a t t e r  are of i n t e r e s t  

2 

"1 

i n  t h e  c a l c u l a t i o n  of flow f i e l d s  and of shear  stresses, r e s p e c t i v e l y .  We 

w i l l  examine t h e  op t ima l i ty  of t h e s e  rates, i. e. ,  how t h e  ra te  of conver- 

gence of t h e  f i n i t e  element approximation of smooth s o l u t i o n s ,  measured i n  

a given norm, compares with t h e  r a t e  of convergence of t h e  b e s t  approxima- 

t i o n  ou t  of t h e  f i n i t e  element space considered.  We w i l l  a l s o  be cognizant  

of t h e  work and s to rage  requirements of computer implementations of t h e  

p a r t i c u l a r  f i n i t e  element algor2thms. Thus, having examined t h e  r a t e s  of 

convergence and t h e  computing requirements  of t h e  va r ious  a lgor i thms,  w e  

w i l l ,  a t  least i n  an asymptot ic  sense,  be a b l e  t o  draw conclus ions  about 

t h e i r  r e l a t i v e  e f f i c i e n c y .  

F i n i t e  element d i s c r e t i z a t i o n s  of our l i n e a r  p a r t i a l  d i f f e r e n t i a l  

equa t ions  l eave  us  wi th  a l i n e a r  system of a l g e b r a i c  equat ions  t o  so lve .  

A second goa l  of t h i s  work is  t o  d i scuss  t h e  e f f i c i e n t  implementation of 
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a Gauss e l i m i n a t i o n  a lgo r i thm f o r  t h e  s o l u t i o n  of t h e s e  systems. 

p a r t i c u l a r  a t t e n t i o n  t o  t h e  enforcement of t h e  o r t h o g o n a l i t i e s ,  both 

p h y s i c a l  and nonphysical,  which t h e  d i s c r e t e  p r e s s u r e  must s a t i s f y .  

We pay 

There e x i s t s  an ever  growing l i t e r a t u r e  concerned wi th  f i n i t e  element 

methods f o r  t h e  approximate s o l u t i o n  of bo th  t h e  Stokes and Navier-Stokes 

equat ions.  Much of t h e  mathematical  l i t e r a t u r e  i s  included i n  [1 ,2 ] .  I n  

a d d i t i o n ,  of course,  t h e r e  is  a l a r g e  body of eng inee r ing  l i t e r a t u r e  which 

i s  mainly d i r e c t e d  a t  a s s e s s i n g  t h e  e f f e c t i v e n e s s  of a lgo r i thms  on t h e  

b a s i s  of some e m p i r i c a l  c r i t e r i o n  such as v i s u a l  p r e s e n t a t i o n  of flow 

f i e l d s  o r  comparison w i t h  experiments.  

of convergence examined. The de te rmina t ion  of t h e s e  rates f o r  smooth 

s o l u t i o n s  of l i n e a r i z a t i o n s  of t h e  Navier-Stokes equa t ions  i s ,  as desc r ibed  

above, a g o a l  of t h i s  work. 

Seldom are t h e  asymptot ic  rates 

Sec t ion  2 c o n t a i n s  a d e s c r i p t i o n  of t h e  class of problems we cons ide r  

as w e l l  as a b r i e f  p r e s e n t a t i o n  of t h e  ana lyses  of e r r o r  estimates. 

Sec t ion  3 we in t roduce  some p a r t i c u l a r  cho ices  of f i n i t e  elements which w e  

w i l l  u se  t o  gene ra t e  t h e  numerical  r e s u l t s  of S e c t i o n  5. I n  Sec t ion  4 ,  we 

d i s c u s s  t h e  s o l u t i o n  of t h e  l i n e a r  systems of a l g e b r a i c  equa t ions  r e s u l t i n g  

from t h e  d i s c r e t i z a t i o n  process .  

In 

2. E r r o r  E s t i m a t e s  

The s t a t i o n a r y  Navier-Stokes equa t ions  f o r  t h e  s t e a d y  f low of a v i s c o u s  

incompressible f l u i d  are given by 

i 

- -  I d i v  grad g + ( u *  g r a d ) g  + grad p = f i n  L? ; - R e  

d i v  = 0 i n  L? ; 

- u = O  on an, 
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where - u i s  t h e  f l u i d  v e l o c i t y ,  p t h e  p r e s s u r e ,  R e  t h e  c o n s t a n t  Reynolds 

number, and - f a p resc r ibed  forcing func t ion .  R is  a domain i n  IR o r  2 

lR’ i n  which t h e  v e l o c i t y  and pressure are sought and as1 is  t h e  boundary 

of 

quoted below t o  hold.  The v a r i a b l e s  appearing i n  (2.1) - ( 2 . 3 )  have been 

s u i t a b l y  nondimensionalized. 

n which is  assumed t o  be  s u f f i c i e n t l y  smooth f o r  t h e  r e g u l a r i t y  r e s u l t s  

We wish t o  cons ide r ,  f o r  - x C R, f low f i e l d s  which are l l s m a l l l l  per turba-  

t i o n s  of a g iven  f low f i e l d  The p e r t u r b a t i o n s ,  which w e  a l s o  denote  

by 2 and p,  s a t i s f y  l i n e a r i z a t i o n s  of (2.1) - ( 2 . 3 )  about t h e  g iven  f low 

f i e l d  E. Assuming t h a t  

- U ( 2 ) .  

d i v  U = 0 i n  R and = 0 on 30, - 

w e  then  have t h e  l i n e a r i z e d  Navier-Stokes equa t ions  

(2  4 )  

d i v g r a d u  + (U grad)u -t- (2. grad)y  + grad p = f i n  (2 5) ; - -  - - R e  

I f  - U = 0, then  (2.5) - ( 2 . 7 )  reduce t o  t h e  s t a t i o n a r y  Stokes equa t ions  

while i f  U = c o n s t a n t ,  we  are l e f t  w i t h  the Oseen equa t ions  [ 3 ] .  - 
The v a r i a t i o n a l  form of t h e  problem (2.5) - ( 2 . 7 )  which w e  w i l l  employ 

A1 
is  the fo l lowing  Ga le rk in  formulation. We seek C HO ( 5 2 )  and p € rj! (C2) 

such t h a t  



where 

% ( g , ~ )  = &[& g r a d u :  grad v + U g r a d 2  '1 + 2 gradV- 1 dR , 1 (2. l o )  - -  
,~ 
t 

b(q ,g )  = q d i v g  dR, 4 (2.11) 

(2.12) 

"1 Here, HO(R) denotes t h e  i b e r t  space of real  o r  3-dimensiona - v e c t o r  

f i e l d s  whose components have d i s t r i b u t i o n a l  d e r i v a t i v e s  up t o  o r d e r  one i n  

L2(,Q) i n  each v a r i a b l e  and which have ze ro  trace on an. L (a) denotes  t h e  

l i n e a r  subspace of L2 (R) 

-2 

c o n s i s t i n g  of squa re  i n t e g r a b l e  f u n c t i o n s  wi th  

ze ro  mean over R. It i s  necessa ry  t o  i n t r o d u c e  some such normal iza t ion  

f o r  t h e  p re s su re  s i n c e  c l e a r l y  (2.5) - (2.7) can determine t h e  p r e s s u r e  only 

up t o  a n  a d d i t i v e  cons t an t .  I n  (2.10) t h e  colon denotes  t h e  scalar product 

of  t h e  two t enso r s  s t and ing  on e i t h e r  s i d e .  We n o t e  t h a t  HO(R) is normed by A1 

(2.13) 

'1 For f C ?;-'(a), t h e  d u a l  space  of HO(R), t h e  form < f ,I> 

l i n e a r  f u n c t i o n a l  on Ho (a). 

is  a bounded - - 
dl 

W e  n o t e  t h a t  f o r  t h e  Stokes equa t ions ,  t h e  b i l i n e a r  form (2.10) reduces 

t o  

f 

i 



which i s  coerc ive  on $'(SI) i n  the sense  t h a t  0 

. 
The corresponding form f o r  t h e  nonl inear  Navier-Stokes equa t ions  is  t h e  

t r i l i n e a r  f o m  

which i s  a1 3 coerc ive  i n  t..e sense t h a t  i f  

and vanishes  on K?, then  

w i s  divergence f r e e  i n  SI - 

The b i l i n e a r  form a U ( * , * )  is  n o t  coerc ive  i n  t h i s  sense.  In f a c t  

a U ( u y u )  = aO(u ,u)  + u grad - -  U u dS1. J- R 

However, it can be shown by the  same techniques used i n  [4 ]  f o r  non-selfad- 

j o i n t  second o r d e r  e l l i p t i c  par t ia l  d i f f e r e n t i a l  equa t ions  t h a t  

and 

(2.14) 

(2.15) 
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Otherwise, the b i l i n e a r  forms a,(*;) and b ( O Y * )  s a t i s f y  t h e  same con- 

t i n u i t y  and s t a b i l i t y  c o n d i t i o n s  s a t i s f i e d  by t h e  corresponding forms for 

t h e  s t a t i o n a r y  Stokes equa t ions .  Together w i t h  (2.14) and (2.15),  t h i s  

enab le s  u s  t o  apply t h e  theo ry  of [ 5 ]  t o  ou r  problem. 

uniqueness of t h e  s o l u t i o n  2 E H o ( n )  and p € L (a) is  guaranteed. Further-  

more, f o r  a s u f f i c i e n t l y  smooth boundary 

f a c t  

Thus e x i s t e n c e  and 

21 -2 

3R i t  can be  shown [ 6 ]  t h a t  i n  

(2.16) 

The f i n i t e  element scheme w e  u se  i s  t h e  s t anda rd  one. We choo-- sub- 
h Al h h 

spaces V c H (a) and S e r 2 ( R )  and then  d e f i n e  t h e  approximation 1 

and ph t o  be s o l u t i o n s  of t h e  problem: seek ghc Vh and .p C Sh such 

t h a t  

0 

(2.17) 

b(q h h  ,u 1 = 0 v q h €  Sh. (2.18) 

The existence and uniqueness of t h e  approximations 2 and ph 

t h e  forms %(*,* )  and b ( o y * )  s a t i f y  c e r t a i n  c o n t i n u i t y  and s t a b i l i t y  con- 

d i t i o n s  on the  d i s c r e t e  spaces .  

f o r  t h e  s t a t i o n a r y  Stokes equa t ions  [ 7 ] ,  w e  omit it he re .  

fo l low when 

Since t h i s  a n a l y s i s  c l o s e l y  p a r a l l e l s  t h a t  

The analysis of the e r r o r  between t h e  s o l u t i o n  of (2.8),  (2.9) and 
+ 

(2.17), (2.18) i s  a l s o  given i n  [7 ]  w i t h  g e n e r a l i z a t i o n s  given i n  [5]. These 

ana lyses  are  based on t h e  a p p l i c a t i o n  of t h e  Babugka theo ry  t o  t h e  v a r i a t i o n a l  

problem: seek (g,p) E zi X E2 such t h a t  



where 

-1 -2 
Ho X L T h i s  v a r i a t i o n a l  formulat ion over t h e  product  space 

from t h e  formulat ion (2.8), (2 .9 )  i n  t h e  obvious manner. The r e s u l t i n g  

e r r o r  estimate i s  obtained i n  the graph norm 

i s  obtained 

and i s  given by 

(2.19) 

,-.h Ah where the infimum is  taken over a l l  

immediately y i e l d s  t h a t  

(u  , p  ) E Vh X Sh. The estimate (2.19) 

(2.20) 

h w i t h  a s i m i l a r  estimate f o r  

More p r e c i s e  estimates can be deduced as a d i r e c t  a p p l i c a t i o n  of  t h e  

11 p - p 11, . 

t h e o r y  given i n  [8]. 

t h e  subspaces ZC i?i(Q) and Zh C yh de f ined  by 

Before p re sen t ing  t h e s e  estimates, w e  need t o  i n t r o d u c e  
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A1 
Roughly speaking, Z i s  t h e  subspace of H 0 (a )  c o n s i s t i n g  of s o l e n o i d a l  

f i e l d s  and Z h  i s  t h e  subspace of Vh c o n s i s t i n g  of " d i s c r e t e l y  so l eno i -  

da l "  f i e l d s .  I t  i s  important  t o  n o t e  t h a t  i n  g e n e r a l ,  Zh 4 Z .  We a l s o  

d e f i n e  

h -  h r ( z , z  = sup i n f I /  - -  z - z  I l l  , 

where t h e  infimum i s  taken over a l l  

a l l  - zh 

g e n e r a l ,  

Z and Z h  and c l e a r l y ,  from i t s  d e f i n i t i o n ,  0 - < r(Z,Zh) 1. Then, 

applying t h e  a n a l y s i s  of [8 ] ,  we are l e d  t o  t h e  e r r o r  estimates 

- z E z 
Zh  wi th  1 1  - z lll=l. If Z C Z then c l e a r l y  T(Z,Z ) = 0. 

r(Z,Zh) 

and t h e  supremum i s  taken over 

h h h I n  

i s  a measure of t h e  a n g l e  between t h e  l i n e a r  manifolds  

and 

(2.22) 

The estimate (2.22) i s  e s s e n t i a l l y  t h e  same as t h e  corresponding estimate 

obtained from t h e  graph norm estimate (2.19). The estimate (2.21),  when 

compared t o  (2.20) con ta ins  new in fo rma t ion  i n  t h e  m u l i t p l i e r  

example, i f  Z C Z ,  then (2.21) reduces t o  

r(Z,Zh). For 

h 

(2.23) 



i. e . ,  t h e  e r r o r  i n  t h e  v e l o c  t Y  f 
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e l d  uncouples from t h a t  of t le p r e s s u r e  

f i e l d .  W e  b e l i e v e ,  a l though it has n o t  been proven, t h a t  t h e  estimates 

( 2 . 2 1 ) ,  (2 .22)  are sha rp ,  even when r(Z,Zh) 0. For t h e s e  r easons  w e  

w i l l  r ega rd  ( 2 . 2 1 ) ,  (2 .22)  t o  b e  our estimate f o r  t h e  v e l o c i t y  e r r o r  i n  t h e  

-1 H (n) norm and t h e  p r e s s u r e  e r r o r  i n  t h e  z2(R) norm. 0 

Provided u i s  s u f f i c i e n t l y  smooth, the s t anda rd  d u a l i t y  argument may 

norm 

- 
be  a p p l i e d  t o  o b t a i n  an estimate f o r  t h e  v e l o c i t y  e r r o r  i n  t h e  ?2(R) 

The r e s u l t  i s ,  as expected [ 2 ] ,  t h a t  

h 
‘I1 E-u II 0 -  

(2 .24)  

where (xg,qg) i s  t h e  s o l u t i o n  of t h e  a d j o i n t  problem 

and where 

(2 .25)  

(2 .26)  

* 
% (2 ,~) -  ao(x,x)  + I [E grad - -  U = v - U grad - u] dR. 

R 
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The e x i s t e n c e  and uniqueness of t h e  s o l u t i o n s  of t h e  a d j o i n t  problem (2.25), 

( 2 . 2 6 )  fol lows from t h e  c o n d i t i o n s  on t h e  forms a , (* ,* )  and b ( * , * )  which 

gua ran tee  t h e  e x i s t e n c e  and uniqueness of t h e  s o l u t i o n  of t h e  problem (2.8), 

(2 .9) .  Furthermore, f o r  a R  smooth enough, t h e  s o l u t i o n  ( v + l g )  a l s o  

s a t i s f i e s  a r e g u l a r i t y  estimate of t h e  t y p e  (2.13),  i .e . ,  w e  have t h a t  

3. F i n i t e  Element P a i r s  

The problem ( 2 . 8 ) ,  (2.9) i s  n o t  p o s i t i v e  d e f i n i t e  and t h e r e f o r e  d i s c r e t e  

approximation procedures tend t o  be uns t ab le .  Therefore ,  some care must be  

e x e r c i s e d  i n  the  choice of t h e  approximating spaces  Vh and S . There are 

several cond i t ions  t h a t  must hold f o r  t h e  s t a b i l i t y  of t h e  approximations t o  

be  guaranteed;  t h e s e  may be found, e.g.  i n  [5 ]  o r  [8 ] .  The p a r t i c u l a r  form 

of t h e s e  condi t ions which w e  w i l l  u s e  i s  now introduced.  Le t  Wh denote  

t h e  orthogonal complement of Z h  i n  Vh w i t h  r e s p e c t  t o  t h e  i n n e r  product  

h 

Then 

Vh = f h  @ Wh. 

h F u r t h e r ,  l e t  t h e  ope ra to r  divh : Vh+S be  de f ined  by t h e  r e l a t i o n  

b(q ,I ) = -lh q d i v  h- v 8 qh E Sh, (3.2) 
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where b ( * , * )  i s  def ined by (2.11) .  The c o n d i t i o n s  necessa ry  f o r  t h e  

e x i s t e n c e  of t h e  decomposition (3 .1 )  and t h e  o p e r a t o r  

ho ld  f o r  t h e  problem s e t  up i n  t h e  form (2.17),  (2.18). Details can be  

found i n ,  e.g. [5 ]  and [8]. The necessary s t a b i l i t y  c o n d i t i o n  is  t h e  

fol lowing:  t h e r e  e x i s t s  a p o s i t i v e  cons t an t  y independent of h 

(which f o r  ou r  purposes i s  a measure of t h e  g r i d  s i z e )  such t h a t  

divh w i l l  always 

h For given subspaces Sh 

(3 .3)  holds.  C l e a r l y ,  s i n c e  t h e  form b ( * , * )  i s  i d e n t i c a l  t o  t h e  co r re s -  

ponding form f o r  t h e  s t a t i o n a r y  Stokes equa t ions ,  t h e  s t a b i l i t y  c r i t e r i o n  

(3 .3)  i s  t h e  same as t h a t  necessary f o r  t h a t  s imple r  case. For t h e  element 

p a i r s  considered below, t h e  condi t ion (3 .3)  has  been shown t o  hold [9]. 

and V , i t  i s  n o t  i n  g e n e r a l  ea sy  t o  prove that  

It i s  easy  t o  show t h a t  (3 .3)  does n o t  hold i n  gene ra l .  To see t h i s ,  

take 0 t o  be a square.  We subdivide t h e  squa re  i n t o  subsquares and then  

i n t o  t r i a n g l e s  as shown i n  F igu re  1. W e  choose Vh t o  be  t h e  space of 

v e c t o r  valued f u n c t i o n s  w i t h  components which are continuous piecewise l i n e a r  

polynomials de f ined  on t h e  t r i a n g l e s  which a l s o  van i sh  on t h e  boundary 

For  S , we choose a l l  piecewise constant  f u n c t i o n s  on t h e  t r i a n g l e s  w i t h  

z e r o  mean over  t h e  square.  

X2. 
h 

From (3 .2)  it is  simple t o  show t h a t  

h v vh. vh. - divh 1 = div 1 

On t h e  o t h e r  hand, by i n s p e c t i o n  of F igu re  1 and t h e  use  of t h e  boundary 

c o n d i t i o n  xh = 0 on an shows t h a t  d i v  xh = 0 i m p l i e s  t h a t  - v = 0. 

But t hen  Zh = 0 so t h a t  Wh = vh and t h e r e f o r e  (3 .3 )  must hold f o r  a l l  

h 
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h h - v h C  Vh. But c l e a r l y  w e  may choose - vh such t h a t  

i s  a b e s t  Ho(Q) approximation t o  a s o l e n o i d a l  f i e l d .  Then 

11 1 11, = 1 and 1 
A1 

h ( 1  d i v h v  I I o  + 0 as h +. 0,  

s o  t h a t  (3 .3 )  cannot hold.  

I n  choosing Vh and Sh, a t r i a n g u l a t i o n  of R must be  e s t a b l i s h e d  f o r  

Vh and another one f o r  Sh. There is  no a p r i o r i  reason f o r  t h e s e  two tri- 

a n g u l a t i o n s  t o  b e  c o i n c i d e n t ,  a l though i n  t h e  l i t e r a t u r e  t h i s  i s  o f t e n  t h e  

case. 

t r i a n g l u l a t i o n s  f o r  Vh and Sh. 

Some of t h e  element d i scussed  below u s e  d i f f e r e n t ,  a l though r e l a t e d ,  

Once t r i a n g u l a t i o n s  f o r  Vh and Sh are chosen, some d i s c u s s i o n  must be 

made about the degrees  of t h e  element polynomials i n  each case. The estimate 

(2.21)  i n d i c a t e s  t h a t  i f  t h e  mesh s i z e s  of Vh and Sh are comparable, t hen  

s i n c e  

polynomials so t h a t  t h e  two terms on t h e  r i g h t  hand s i d e  of (2.21) are of t h e  

same o rde r  i n  h. We refer t o  t h i s  cond i t ion  on t h e  degrees  of t h e  element 

polynomials as t h e  "comparabi l i ty  condi t ion" between t h e  spaces  Vh and Sh. 

We s h a l l  see below t h a t  t h i s  cond i t ion  i s  n o t  necessary  f o r  the Z1(R) 

gence of t h e  v e l o c i t y  approximations.  

r e s u l t s  of s ec t ion  5 i n d i c a t e  t h a t  t h e  comparab i l i t y  c o n d i t i o n  i s  probably 

necessa ry  f o r  opt imal  H (a)  convergence. It i s  assumed, of course,  t h a t  

t h e  chosen elements form a s t a b l e  combination i n  t h e  sense  of ( 3 . 3 ) .  

0 - < r ( z , z h )  5 1, i t  i s  d e s i r a b l e  t o  choose t h e  deg rees  of t h e  element 

conver- 

On t h e  o t h e r  hand, some of computational 

0 

-1 
0 

Below we d e s c r i b e  fou r  f i n i t e  element p a i r s .  I n  each case w e  d e f i n e  

h a space V of d i s c r e t e  v e l o c i t i e s  and a space  Sh of d i s c r e t e  p re s su res .  

The spaces  Sh so  de f ined  are n o t  subspaces of L (R) and must t h e r e f o r e  

be constrained t o  s a t i s f y  t h e  ze ro  mean cond i t ion .  In  some i n s t a n c e s ,  t h e  

-2 



spaces  Sh mus t  be f u r t h e r  contrained i n  order  f o r  t h e  s t a b i l i t y  cond i t ion  

( 3 . 3 )  t o  be s a t i s f i e d .  I n  IR2 t h i s  a d d i t i o n a l  c o n s t r a i n t  t a k e s  t h e  form 

of a s i n g l e  o r thogona l i ty  condi t ion which t h e  d i s c r e t e  p r e s s u r e  must s a t i s f y .  

The subspace of Sh obtained by imposing t h e  above c o n s t r a i n t s  on t h e  space 

Sh of d i s c r e t e  p re s su res .  

such c o n s t r a i n t s  are given below i n  s e c t i o n  4 .  

Details about t h e  n a t u r e  and implementation of 

A s t a b l e  scheme, apparent ly  first suggested i n  [7] i s  obtained by sub- 

d iv id ing  R i n t o  t r i a n g l e s  and then choosing Sh t o  be a l l  piecewise con- 

s t a n t  func t ions  over t h e  t r i a n g l e s  and 

q u a d r a t i c  vec to r  f i e l d s  over t h e  t r i a n g l e s  which vanish  on t h e  boundary aR. 

The approximations found using these subspaces are opt imal  i n  t h e  graph norm 

estimate (2.19) [ 2 ]  b u t ,  as t h e  computations r epor t ed  below i n d i c a t e ,  t h e  

approximation t o  t h e  v e l o c i t y  f i e l d  i s  n o t  opt imal  i n  t h e  Gi(!d) norm. 

W e  n o t e  t h a t  t h e  comparabi l i ty  condi t ion i s  not  s a t i s f i e d  by t h i s  quadra t i c  

cons t an t  element p a i r .  

Zh Z ,  s i n c e  t h e  divergence of elements i n  Vh w i l l  i n  gene ra l  be piece- 

w i s e  l i n e a r  func t ions  whi le  d i v  vh being by d e f i n i t i o n  an element of Sh, 

i s  a piecewise cons tan t  func t ion .  

Vh t o  be a l l  continuous piecewise 

Furthermore, i t  i s  clear t h a t  divh 4 d iv ,  i .e. ,  

h - ’  

A second s t a b l e  scheme i s  defined as fol lows.  F i r s t ,  subdivide R 

i n t o  q u a d r i l a t e r a l s  and choose Sh 

over t h e  q u a d r i l a t e r a l s .  We then subdivide each q u a d r i l a t e r a l  i n t o  t r i a n g l e s  

by drawing a d iagonal  and choose 

v e c t o r  f i e l d s  over t h e  t r i a n g l e s  which vanish  on t h e  boundary 

are us ing  d i s t i n c t  , al though c lose ly  r e l a t e d ,  t r i a n g u l a t i o n s  i n  de f in ing  

and Sh. Furthermore, once aga in  i t  i s  clear t h a t  d i v  d i v ,  i .e.,  

Zh Z. On t h e  o the r  hand, t h e  comparabi l i ty  cond i t ion  is  s a t i s f i e d .  Compu- 

t a t i o n a l  r e s u l t s  d i sp l ay ing  optimal 

mat ions a r e  repor ted  below. 

t o  be a l l  p iecewise  cons tan t  func t ions  

vh t o  be a l l  cont inuous piecewise l i n e a r  

Here w e  aR. 

Vh 

h 

c1 (Q) accuracy i n  t h e  v e l o c i t y  approxi- 0 
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The t h i r d  scheme w e  s tudy  has  t h e  d i s t i n g u i s h i n g  f e a t u r e  t h a t  

h 
divh = d i v  v so  t h a t  z C z and r(Z,Zh) = 0. Also  t h i s  scheme is  s t a b l e  

and s a t i s f i e s  t h e  comparabi l i ty  condi t ion .  To d e f i n e  t h i s  scheme, we aga in  

subdivide s1 i n t o  q u a d r i l a t e r a l s  and subsequent ly  d iv ide  each q u a d r i l a t e r a l  

i n t o  fou r  t r i a n g l e s  by drawing both d iagonals .  Then Vh i s  chosen t o  be 

a l l  continuous l i n e a r  vec to r  f i e l d s  over t h e  t r i a n g l e s  which vanish  on t h e  

boundary aR and Sh i s  chosen t o  be S E d i v  V . 3h is a subspace of -h  

the  space of a l l  p i e c e w i s e  cons tan t  func t ions  def ined  over t h e  t r i a n g l e s .  

Refer r ing  t o  Figure 2,  a convenient b a s i s  f o r  

la teral  ABCD by t h e  t h r e e  func t ions  which are cons tan t s  on t h e  t r i a n g l e s  

ABD, ABC and BCD and zero  elsewhere.  The b a s i s  se t  i s  t h r e e  dimensional 

w i th in  each q u a d r i l a t e r a l ,  i n s t ead  of being f o u r  dimensional,  because t h e  

divergence theorem f o r c e s  a c o n s t r a i n t  w i th in  each q u a d r i l a t e r a l .  It can be 

shown t h a t  

f o r  t h e  space of a l l  piecewise cons tan t  func t ions  over t h e  t r i a n g l e s .  More 

d e t a i l s  concerning t h i s  element p a i r  may be found i n  [lo]. 

Sh i s  def ined  wi th in  a quzdri-  

sh possesses  e s s e n t i a l l y  t h e  same approximation proper ty  as t h a t  

The fou r th  and f i n a l  scheme, u n l i k e  t h e  t h r e e  previous ones, i s  restric- 

ted  t o  regions whose boundaries  are s t r a i g h t  l i n e s  p a r a l l e l  t o  t h e  coord ina te  

axes .  

piecewise constant  f u n c t i o n s  over t h e  r e c t a n g l e s  and 

piecewise b i l i n e a r  v e c t o r  f i e l d s  over t h e  r e c t a n g l e s  which vanish  on t h e  

boundary 38. Clea r ly ,  f o r  t h i s  element p a i r ,  d ivh  d i v  b u t  t h e  comparabi- 

l i t y  condi t ion  holds  and we can expect  op t imal  $'(a) 

v e l o c i t y  approximations. 

W e  subdivide such a reg ion  i n t o  r e c t a n g l e s  and choose Sh t o  be  a l l  

Vh t o  be all cont inuous 

accuracy f o r  t h e  0 
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4 .  Direct Solu t ion  of Discrete Equations 

The d i s c r e t e  l i n e a r  system of equat ions  r e s u l t i n g  from us ing  t h e  above 

f i n i t e  element p a i r s  V h ,  sh i n  (2.17), (2.18) is  i n d e f i n i t e ,  and due t o  

t h e  convection terms depending on E, i s  non-symmetric. I f  t h e  unknowns 

are numbered s e q u e n t i a l l y  according t o  nodes, t h e  c o e f f i c i e n t  mat r ix  is  al- 

s o  banded. Due t o  t h e  i n d e f i n i t e n e s s  of t h e  system, a p a r t i a l  p i v o t i n g  

s t r a t e g y  must be used. 

For a l l  t h e  element p a i r s  introduced i n  s e c t i o n  3, t h e  computed p r e s s u r e  

should be normalized so  t h a t  it has ze ro  mean. Except f o r  t h e  quadra t ic -  

cons t an t  element p a i r ,  t h e r e  may be an a d d i t i o n a l  o r thogona l i ty  cond i t ion  

which t h e  d i s c r e t e  p re s su re  must s a t i s f y .  To see how t h e  need f o r  such a 

cond i t ion  arises, l e t  us consider  t he  second element p a i r  introduced i n  

s e c t i o n  3. It is  easy t o  v e r i f y  t h a t  f o r  a r ec t angu la r  uniform g r i d ,  t h e  

d i s c r e t e  p r e s s u r e  g rad ien t  a t  t h e  po in t  P ( see  F igure  3) i s  given by t h e  

v e c t o r  

4.1) 

where pi r e f e r s  t o  t h e  cons tan t  discrete p res su re  i n  t h e  box l a b l e d  i. 

Clea r ly  t h i s  d i s c r e t e  g rad ien t  vanishes  no t  on ly  f o r  t h e  cons t an t  func t ion  

- - p1 - p2 = p3 = p4 but  a l s o  f o r  the  piecewise cons tan t  func t ion  

- p3 - - p 4 .  The l a t t e r  func t ion  is  i n  t h e  n u l l  space of t h e  d i s c r e t e  gra- 

p1 = -P2 - 

d i e n t  due t o  t h e  averaging process  which precedes t h e  d i f f e r e n c i n g  process  

i n  (4 .1) .  I n  t r i a n g u l a t i o n s  which can be obta ined  from a r e g u l a r  t r i a n g u l a -  

t i o n  by piecewise l i n e a r  mappings the  q u a d r i l a t e r a l s  which subdivide can 

be l a b e l e d  r e d  and b lack  i n  a checkerboard p a t t e r n .  

d i e n t  ope ra to r  w i l l  have a two dimensional n u l l  space c o n s i s t i n g  of t h e  

Then t h e  d i s c r e t e  gra- 
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cons tan t  func t ion  and a func t ion  analogous t o  t h e  o s c i a l l a t i n g  func t ion  

descr ibed  above f o r  t h e  g r i d  of F igure  3. Indeed, i f  R i s  a rectangle 

and t h e  t r i a n g u l a t i o n  is uniform, t h i s  func t ion  is equal  t o  one on t h e  

b l ack  boxes and minus one on t h e  red  boxes. This  phenomena a l s o  occurs  

f o r  t h e  t h i r d  and f o u r t h  element p a i r s  of s ec t io i l  3.  It i s  important  t o  

no te  t h a t  i n  genera l  i t  i s  not  necessary  t o  know a p r i o r i  t h e  number of 

elements i n  the  n u l l  space of t h e  g rad ien t  o r  t h e i r  exac t  na tu re .  

c o r r e c t  normalizat ion of t h e  d i s c r e t e  p re s su re  may be accom2lished without  

such information,  e.g. by t h e  process  descr ibed  i n  t h e  next  t h r e e  para- 

graphs.  

The 

It w a s  found convenient not  t o  impose any normal iza t ion  o r  o r thogona l i ty  

Zh cond i t ions  on t h e  approximating space f o r  t h e  p re s su re  but  i n s t e a d  t o  

impose t h e s e  condi t ions  on t h e  d i s c r e t e  p re s su re  by a post-processing pro- 

cedure.  Then, dur ing  t h e  e l imina t ion  process ,  zero  p i v o t  elements are en- 

countered.  

n u l l  space of t h e  d i s c r e t e  g rad ien t  ope ra to r ,  i .e. one f o r  t h e  quadra t ic -  

cons tan t  element p a i r  and perhaps two f o r  t h e  o t h e r  t h r e e  element p a i r s .  

t h e  a c t u a l  computations, t hese  p i v o t  elements are de tec t ed  whenever a p i v o t  

is encountered whose magnitude is  smaller than  a p resc r ibed  t o l e r a n c e  which 

should depend on t h e  machine p rec i s ion .  

t h a t  s t e p  of t h e  e l imina t ion  process  may be  skipped s i n c e  t h e  corresponding 

column t o  be e l imina ted  is a l ready  i n  reduced form. Then, dur ing  t h e  

backsolve,  t h e  components of t h e  s o l u t i o n  v e c t o r  corresponding t o  t h e  ze ro  

p i v o t s  may be a r b i t r a r i l y  p re sc r ibed ,  i .e. ,  they  may be set t o  un i ty .  

The number of such elements i s  equal  t o  t h e  dimension of t h e  

I n  

When a ze ro  p i v o t  is encountered, 

O f  course,  t he  d i s c r e t e  p re s su re  found by t h i s  process  w i l l  n o t  satis- 

f y  any of  t he  normal iza t ion  o r  o r thogona l i ty  cond i t ions .  However, t h e s e  

may now be imposed on t h e  s o l u t i o n  of t h e  d i s c r e t e  equat ions  by a s imple 



post-processing procedure which renders t h e  d i s c r e t e  p r e s s u r e  o r thogona l  

t o  t h e  n u l l  space of  t h e  d i s c r e t e  g rad ien t .  W e  n o t e  t h a t  t h e  d i s c r e t e  veloc- 

i t y  f i e l d  computed by t h e  e l imina t ion  procedure desc r ibed  above i s  c o r r e c t  

and t h u s  needs no f u r t h e r  processing. To d e s c r i b e  t h e  post-processing 

procedure f o r  t h e  d i s c r e t e  p re s su re ,  l e t  us denote  by P' t h e  v e c t o r  whose 
A 

components PI are t h e  d i s c r e t e  pressure i n  t h e  j - t h  p r e s s u r e  element 

( t r i a n g l e s  f o r  t h e  quadrat ic-constant  element p a i r ,  q u a d r i l a t e r a l s  f o r  

t h e  second element introduced i n  s e c t i o n  3 ,  e t c ) .  Then P' i s  an element 

of IRJ where J i s  t h e  number of p r e s s u r e  elements. Now l e t  {p}, 

J 

t 
A 

k = l , . . . , K  denote an or thogonal  b a s i s  f o r  t h e  n u l l  space of t h e  d i s c r e t e  

g r a d i e n t  o p e r a t o r ,  where K = 1 f o r  t h e  quadra t i c -cons t an t  element p a i r  

and K may be 2 f o r  t h e  o t h e r  three element p a i r s .  ( I n c i d e n t a l l y ,  t h e  d i s -  

crete  g r a d i e n t  ope ra to r ,  being a l i n e a r  ope ra to r  between t h e  f i n i t e  dimen- 

s i o n a l  spaces  sh and Vh, may be expressed as a matrix. Indeed, t h e  d i s -  

c r e t e  divergence ope ra to r  divh has t h e  ma t r ix  r e p r e s e n t a t i o n  D whose 

elements are given by 

where {q,) and are b a s i s  sets f o r  Sh and Vh, r e s p e c t i v e l y .  Then 

t h e  d i s c r e t e  g r a d i e n t  ope ra to r  may be r ep resen ted  by D .) We then  d e f i n e  

P rIRJ by 

T 

Then t h e  piecewise cons t an t  funct ion ph whose va lue  i n  t h e  j - t h  p r e s s u r e  

element is  given by t h e  j - t h  component of P,  i .e. P i s  t h e  post-processed 
a 

j y  
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d i s c r e t e  pressure which w e  seek,  i . e .  

o r t h o g o n a l i t y  and no rma l i za t ion  cond i t ions .  

ph w i l l  s a t i s f y  a l l  t h e  r equ i r ed  

For some s imple  geometr ies  and t r i a n g u l a t i o n s ,  it i s  p o s s i b l e  t o  de t e r -  

'k mine t h e  vec to r s  { S  } by i n s p e c t i o n .  I n  t h e  g e n e r a l  case, they  may be 

determined, with n e g l i g i b l e  a d d i t i o n a l  c o s t ,  as fo l lows .  When w e  perform 

t h e  backsolve s t e p  i n  t h e  e l i m i n a t i o n  procedure,  w e  do it w i t h  e i t h e r  one 

o r  two a d d i t i o n a l  r i g h t  hand s i d e s ,  depending on t h e  p a r t i c u l a r  element 

p a i r  being used. These a d d i t i o n a l  r i g h t  hand s i d e s  have a l l  components 

equa l  t o  zero. When t h e  f i r s t  ze ro  p i v o t  element i s  reached during t h e  

backsolve,  the corresponding element i n  t h e  s o l u t i o n  v e c t o r  corresponding 

t o  t h e  f i r s t  a d d i t i o n a l  r i g h t  hand s i d e  i s  s e t  equa l  t o  u n i t y ,  wh i l e  f o r  

t h e  second r i g h t  hand s i d e ,  i f  i t  is necessa ry ,  i t  i s  set  equa l  t o  zero.  

I f  a second zero p i v o t  element i s  reached, t h e  above assignments of t h e  

corresponding components i n  t h e  s o l u t i o n  v e c t o r s  are reversed.  A t  t h e  end 

of t h e  e l imina t ion  procedure,  t h e  s o l u t i o n  v e c t o r s  corresponding t o  t h e  

a d d i t i o n a l  r i g h t  hand s i d e s  w i l l  con ta in ,  i n  t h e i r  components which are 

d i s c r e t e  p re s su res ,  a b a s i s  f o r  t h e  n u l l  space of t h e  d i s c r e t e  g r a d i e n t  

+ 
opera to r .  The { S  1 found t h i s  way w i l l  i n  g e n e r a l  n o t  be or thogonal ;  

of cour se  and or thogonal  b a s i s  i s  found, a g a i n  at n e g l i g i b l e  c o s t ,  by re- 

p l ac ing  t2 by 

The s to rage  and computing t i m e  r e q u i r e d  by t h e  f o u r  schemes desc r ibed  

i n  s e c t i o n  3 d i f f e r  sha rp ly .  A s  a n  example, le t  f2 be a r e c t a n g l e  sub- 

d iv ided  i n t o  an N x N  g r i d ,  i. e. N boxes i n  bo th  t h e  x and y 

d i r e c t i o n .  Then t h e  g r i d  s i z e  h i s  p r o p o r t i o n a l  t o  1 / N .  I n  Table 1 



we t a b u l a t e  t h e  number of unknowns and half-bandwidth of t h e  c o e f f i c i e n t  

ma t r i ces  r e s u l t i n g  from each scheme. The t a b u l a t e d  expres s ions  are v a l i d  

f o r  l a r g e  N ,  i .e. we only g i v e  the l ead ing  term i n  N. W e  a l s o  g i v e  

t h e  s t o r a g e  and computing t ime requirements f o r  each element p a i r  re la t ive 

t o  those  f o r  t h e  quadrat ic-constant  element p a i r .  

TABLE 1 

Storage and Computing T i m e  Requirements 

Element Number of  Half - Relative Relative 
P a’ir Unknowns bandwidth S to rage  Computing T i m e  

QC 10N2 10N 1 1 

LC 4 7N2 7 N  .49 .343 

LC 2 3 N  3N .09 .027 
2 

BC 3N2  3 N  .09 .027 

I n  t h e  t a b l e ,  QC r e f e r s  t o  t h e  quadra t i c  cons t an t  element p a i r ,  LC2 and 

LC4 t o  t h e  l i nea r -cons t an t  element p a i r s  w i t h  two and f o u r  t r i a n g l e s  p e r  

q u a d r i l a t e r a l ,  r e s p e c t i v e l y ,  and BC t o  t h e  b i l i n e a r - c o n s t a n t  element p a i r .  

C l e a r l y  t h e  element p a i r s  LC2 and BC r e q u i r e  s i g n i f i c a n t l y  less s t o r a g e  

and computing time. This  i s  s i g n i f i c a n t  s i n c e ,  as w e  s h a l l  see i n  t h e  next 

s e c t i o n ,  a l l  f o u r  element p a i r s  achieve t h e  same rates of convergence. 

5. Computational R e s u l t s  

I n  o rde r  t o  compute t h e  asymptotic e r r o r  behavior  as a f u n c t i o n  of t h e  

g r i d  s i z e  h ,  (2.5) - (2.7) was solved i n  t h e  r eg ion  
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f o r  a problem whose exac t  s o l u t i o n  i s  

s i n  ITX s i n  21~y  

x ( 1 - x ) s i n  ny 

3 
p = ( 1 -  4 y + y  ) cos  EX. 

For t h i s  choice of 2 and p (2.7) is  s a t i s f i e d ,  b u t  (2.6) is  a c t u a l l y  

inhomogeneous, i . e .  (2.6) i s  replaced by d i v  - u = F where F i s  a smooth 

f u n c t i o n  0. General ly  i n  incompressible  f lows F = 0 b u t  t h e  fact  that  

h e r e  i t  is nonzero does n o t  a f f e c t  t h e  v a l i d i t y  of t h e  r e s u l t s  below when 

F = 0. Th i s  i s  because f o r  smooth s o l u t i o n s  t h e  rates of convergence i n  

t h e  estimates (2.21),  (2.22) and (2.24) are independent of f and F. For 

i n s t a n c e ,  i n  (2.21), u s ing  l i n e a r  v e l o c i t y  and c o n s t a n t  p r e s s u r e  elements 

w e  o b t a i n  

and only t h e  m u l t i p l i e r  of h depends on - f and F. Indeed, f o r  F 0 ,  

t h e  r e g u l a r i t y  estimate (2.16) i s  replaced by 

We w i l l  u se  t h e  n o t a t i o n  of Table 1 i n  l a b e l i n g  t h e  element p a i r s .  

I n  a l l  cases t h e  t r i a n g u l a t i o n  of 51 

subd iv id ing  R i n t o  smaller squa res  of s i d e  h and, when c a l l e d  f o r ,  

f u r t h e r  subdividing t h e s e  squa res  i n t o  t r i a n g l e s .  Although t h e  problems 

and r eg ions  considered here are  r a t h e r  s imple,  t hey  s u f f i c e  t o  determine 

t h e  asymptotic rates of convergence of t h e  approximations.  

used w a s  a uniform one based on 



Two d i f f e r e n t  choices  f o r  t h e  convection v e l o c i t y  U were employed, 

namely 

=(l)  
For t h e  f i r s t  choice t h e  problem (2 .5)  - (2.7) d e s c r i b e s  an Oseen f low 

whi l e  f o r  t h e  second choice we have a l i n e a r i z a t i o n  about a p a r a l l e l  f low 

wi th  a p a r a b o l i c  v e l o c i t y  p r o f i l e .  

I n s t e a d  of computing t h e  e r r o r  g-gh, we a c t u a l l y  computed 

-h uh - u , where ch = I u and Ih is t h e  pointwise i n t e r p o l a t i o n  o p e r a t o r  

from v +  Vh. Then t h e  norms 

h- - - 

- 

were computed. 

norms (5.1) may be e a s i l y  computed e x a c t l y  (except ,  of cour se ,  f o r  roundoff 

e r r o r s ) .  Then, by t h e  t r i a n g l e  i n e q u a l i t y ,  

The reason f o r  comparing w i t h  t h e  i n t e r p o l a t e  is  t h a t  t h e  

-h h --h II u-u h <  11, - Itu-u II, + 11 -g 11, , 

where 1 1  I t *  denotes  e i t h e r  of t h e  norms i n  (5.1). The f i rs t  term on 

t h e  r i g h t  of (5.2) is pure ly  approximation t h e o r e t i c a l  and can be e a s i l y  

e s t ima ted  f o r  smooth s o l u t i o n s .  The second term on t h e  r i g h t  w i l l  be 

e s t ima ted  by t h e  computations reported below. 

The e r r o r s  i n  t h e  p r e s s u r e  were a l s o  computed relative t o  an i n t e r -  

p o l a n t .  For t h e  element p a i r  QC t h i s  i n t e r p o l a n t  w a s  the Sh - i n t e r -  

p o l a n t  w i th  t h e  i n t e r p o l a t i o n  p o i n t s  being t h e  c e n t r o i d s  of t h e  t r i a n g l e s .  
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For LC2 and BC element p a i r s  t h e  Sh - i n t e r p o l a n t  w a s  a g a i n  used 

w i t h  t h e  i n t e r p o l a t i o n  p o i n t s  be ing  t h e  c e n t r o i d s  of q u a d r i l a t e r a l s .  

t h e  LC4 

cons tan t  func t ions  over t h e  q u a d r i l a t e r a l s ,  w i t h  t h e  i n t e r p o l a t i o n  p o i n t s  

being t h e  cen t ro ids  of q u a d r i l a t e r a l s .  Furthermore, f o r  t h e  LC4 g r i d  

we r e p l a c e  ph by t h e  average va lue  of ph over  each q u a d r i l a t e r a l .  

For 

g r i d ,  we used t h e  i n t e r p o l a n t  on t h e  space of a l l  piecewise 

The r a t e s  of  convergence w e r e  c a l c u l a t e d  by assuming t h a t  t h e  e r r o r s  

i n  every case have t h e  form Cha and then  computing a between each p a i r  

of success ive  g r i d s  by t h e  formula 

where & i  denotes any of t h e  e r r o r s .  

-2 Tab les  2-5 c o n t a i n  t h e  computed convergence rates f o r  t h e  L (n) e r r o r  

A1 i n  t h e  p re s su re  approximation and t h e  Z2(n)  and HO(R) e r r o r s  i n  t h e  

v e l o c i t y  approximation f o r  each of t h e  f o u r  element p a i r s .  

g r i d s  ranging from h = 1 / 7  t o  h = 1 / 1 4  were used t o  gene ra t e  t h e  e n t r i e s  

i n  t h e  t a b l e .  

A sequence of 

For t h e  element p a i r s  LC2, LC4 and BC, t h e  rates given i n  t h e  t a b l e s  

are a t  least as g r e a t  as the correponding rates f o r  t h e  approximation e r r o r .  

Therefore ,  by (5.2) t h e  rate of convergence w i l l  be  no worse than  t h a t  g iven  

by t h e  approximation t h e o r e t i c  p a r t ,  i . e . ,  convergence i s  optimal.  I n  

t h e s e  t h r e e  cases ,  



On t h e  o t h e r  hand, t h e  rates given i n  Table 2 show t h a t  i n  (5.2) t h e  v e l o c i t y  

e r r r o r s  are dominated by t h e  second term on t h e  r i g h t  hand s i d e .  

and approximation e r r o r s  a r e  O(h ) and O(h ), r e s p e c t i v e l y ,  w h i l e  by 

Table 2 t h e  corresponding second terms i n  (5.2) are O(h) and O(h ) , respec- 

t i v e l y .  S t r i c t l y  speaking t h i s  does n o t  imply t h a t  

and 11 g - 2  IIo 
on t h e  u s e  of high o rde r  quadrature formulas,  show t h a t  t h e s e  e r r o r s  are in- 

deed a t  b e s t  O(h) and O(h ), r e s p e c t i v e l y ,  i .e .  t h e  rates are sub-optimal. 

I n  f a c t ,  t h e  estimates (5.3) hold f o r  t h e  element p a i r  QC, i n  s p i t e  of t h e  

f a c t  t h a t  i t  is  cons ide rab ly  more complex t o  compute w i t h  than  t h e  o t h e r  ele- 

n e n t  p a i r s  ( s ee  Table 1 ) .  

'1 The Ho 

2 3 

2 

h 11 2-2 / I 1  i s  n o t  O(h2) 

h O(h3); however, d i rect  computation of t h e s e  e r r o r s ,  based 

2 

I f  we a l low t h e  Reynolds number t o  become v e r y  small, t hen  (2.5)  beg ins  

Not t o  look  more and more l i k e  a Poisson equa t ion  f o r  t h e  components of 

s u r p r i s i n g l y ,  t h i s  improves t h e  r a t e s  of convergence of t h e  v e l o c i t y  approxi- 

mation f o r  t h e  element p a i r  QC r e l a t i v e  t o  t h e  rates given i n  Table 2 ,  i .e. 

they  approach t h e  opt imal  rates. O f  cou r se ,  t h e  rate f o r  t h e  o t h e r  element 

p a i r s  are una f fec t ed  s i n c e  they were a l r e a d y  optimal.  

g. 

We no te  t h a t  i n  some ins t ances  the rates measured re la t ive t o  t h e  in t e rpo -  

l a n t  are one o rde r  h ighe r  than the corresponding rates f o r  t h e  approximation 

e r r o r .  Th i s  happens f o r  a l l  the pressure e r r o r s  and f o r  t h e  2; v e l o c i t y  

e r r o r s  f o r  t h e  element p a i r s  LC2 and BC. T h i s  form of "superconvergence" 

i s  p o t e n t i a l l y  u s e f u l ,  f o r  example when linear f u n c t i o n a l s  of t h e  t r u e  solu-  

t i o n  are t o  be approximated. 

F i n a l l y  we  n o t e  t h a t  t h e  estimates given i n  (5.3) are everywhere i n  

agreement with corresponding t h e o r e t i c a l  estimates (2.21), (2.22) and (2.24). 

The re fo re ,  i t  seems t h a t  the l a t t e r  are indeed sharp.  
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Figure  1. A g r i d  not  s a t i s f y i n g  t h e  s t a b i l i t y  c r i t e r i o n  ( 3 . 3 ) .  

Figure  2. Tr iangu la t ion  of a q u a d r i l a t e r a l  f o r  t h e  LC4 element p a i r .  

F igu re  3. Discrete p r e s s u r e  elements f o r  the LC2 element p a i r .  


